An improved model having new, more realistic, properties is constructed with use of previously implemented approach for building up a model of the spur involute gear dynamics. First of all, an algorithm for contact tracking of cylindrical surfaces directed by involutes was rearranged. This algorithm is "simply" reduced to tracking the two involutes. A result is that common line normal to these contact curves always coincides with the line of action. This property permits obtaining direct simple formulae for contact computations.
Introduction
One can highlight two poles among all approaches to computer modeling and simulation of the gear dynamics. Computational algorithms of high accuracy are relocated at one end of the corresponding scale. These algorithms take into account elasto-plastic properties of the material that the contacting bodies are made of, plus a variety of boundary conditions of different types [1] . Such high accuracy simulation models simultaneously require significant computational resources. One might point out different simplified models, see e. g. [2] , on the other end of the scale. These models provide the highest efficiency.
The compromise model presented in [3] might be improved upon in a way so as to take into account essential properties of real gear: (a) backlash, (b) contact multiplicity. The latter property is always provided in real gears in order to prevent jamming in teeth. In addition, the contact tracking algorithm turned out to be simplifiable and simultaneously essentially accelerateable in the case of the involute mesh. For definiteness, we use the Johnson [4] model for the cylindrical bodies contact as was previously done [3] for the case of spur mesh.
Preliminaries
Using methodics [5, 6] previously developed for computer modeling of the rigid bodies 3D-motions let us consider planar motion for bodies of cylindrical shape, denoted as A and B in our case, in the plane orthogonal to generatrix of cylinders. We connect this plane with an additional body C, see Figure 1 , an auxiliary frame O C xyz of coordinates is assumed to be rigidly connected with that latter body in a way such that cylindrical generatrix is always orthogonal to the axis O C z. One might express this latter requirement using the following geometrical conditions: k α = k C (α = One can easily implement algebraic equations enumerated above in implicit form. To fix the bodies A and B w. r. t. the body C one can use, for instance, constraints of the joint type [5, 6] . In this case the body C itself performs arbitrary 3D-motions being regarded as a convective motion w. r. t. certain inertial frame of reference. Thus calling the body C as the reductiongear housing is quite natural, if the bodies A and B are models of gearwheels. After the reduction to the plane O C xy performed above building up a technique for the cylindrical bodies using 2D-geometry properties [3] is quite natural as well.
Note that all the bodies A, B, C in the model perform their 3D-motions according to the spatial dynamics of rigid body encapsulated in the corresponding base class. And relative cylindrical symmetry of bodies A and B w. r. t. the body C is kept due to the reaction forces between them. These forces are generated dynamically in an acausal mode due to kinematical constraints encapsulated in a contact class, rather a template, being further constructed in this paper.
Account of the backlash
First of all, let us simplify and as a consequence essentially accelerate a performance of the previously implemented algorithm of the contact tracking for two involute surfaces of the teeth pair at the contact for the spur gear meshing. Such a simplification allows us building up the mesh model quite easily for the mesh ratio greater than one, and simultaneously accounting for the backlash.
As was found earlier [3] that in the case of the involute mesh the sought points P A and P B , see Figure 1 , lying both on the perpendicular common for involutes of gearwheels teeth in vicinity of contact, are located simultaneously on the mesh line of action K A K B , see Figure 2 . Evidently, the common perpendicular mentioned above also coincides with the line of action K A K B . Thus, from the geometric point of view the point P A lies permanently in time on the intersection of the gearwheel tooth involute and the line K A K B . Similar statement takes place for the point P B : it lies on the intersection of the gearwheel B tooth involute and the same line of action K A K B . Figure 3 show a direction in which the contact patch moves for the forward mode and as pinion rotates clockwise. When computing the value h the pair of teeth being in contact is under analysis. In case of forward stroke we assume for definiteness that the wheel A, pinion, rotates clockwise while the wheel B, gear, supposed to rotate counterclockwise. The angles ϕ A , ϕ B of rotation of the bodies A, B respectively are defined by the axis O C x of the gearbox housing and by the axes beginning from bodies' points O A , O B and going through the points of their base circles where corresponding involutes "grow", see Figure 2 .
Furthermore, if the wheel A, for definiteness, rotates such that the angle ϕ A appears outside its admissible limits (being defined below) then the model generates an event corresponding to fulfilment of the condition
In such a case the values of angles
are to be automatically corrected according to equations (we assume that contact of the forward stroke exists currently):
for the case of ϕ A < ϕ A min and equations:
for the case of ϕ A > ϕ A max . Here ∆ϕ A , ∆ϕ B are angular widths per one tooth of the wheels A and B respectively; m is the mesh multiplicity (the least integer greater than the mesh ratio). Note that the angles ϕ A and ϕ B are not exactly the bodies angles of rotation.
They are indeed the angles of rotation for wheels' teeth w. r. t. the axis O C x. These teeth are supposed to lie currently in the zone of possible contact. This zone is defined by the condition
Formulae from above have to simply switch contact in the same sense as it was arranged in [3] . The following approximate rule is used: at the very same moment when the contact patch "instantly vanishes" behind an upper or lower limits of admissible segment [ϕ A min , ϕ A max ] this patch should appear immediately on the other end of the same segment. For simplicity the wheel A is considered as a "leading" object responsible for the event generation process.
Thus a current contact object of the model "jumps" to the next pair of teeth over m−1 pairs being currently in contact if the object individual angle ϕ A of tooth rotation goes out of its admissible limits. Recall that m is the mesh multiplicity, and in general we assume m ≥ 1.
Limit values ϕ A min , ϕ A max for angle of inclination of an involute at contact for the current pair of teeth are computed with natural restrictions being imposed on the contact area. Minimal value ϕ A min corresponds to the final point b of contacting along the line of action for the case of forward stroke, see Figure 2 . One can see easily that the value ϕ A min is computed by the formula
corresponding to the selection of points a and b where the contact process of starts and ends respectively. One might find details for such matching in [3] . Here α w is the pressure angle, and r Ab is the wheel A base circle radius. Equation (1) has a simple geometrical explanation, see Figure 4 . Indeed, consider the pinion base circle. Its arc length from the point K A downwards to the position corresponding to the angle ϕ A max should be equal to the segment [K A , b] length according to the known involute property. This circumstance leads immediately to property (1) . We recall that the point b on the gear mesh line of action defines the position where contact patch vanishes.
If the wheel A angular position ϕ A = ϕ A min corresponds to the instant for contact finishing then the angle ϕ A = ϕ A max has to correspond to this process beginning for the current pair of teeth. One easily sees that the assumption ϕ A max = ϕ A min + m∆ϕ A has to hold.
Similarly, obtaining formulae for computation of 
where r Bb is the wheel B base circle radius, is not very difficult.
One has to provide additional contact (between wheels A and B) objects to take into account all the possible contacts of teeth pairs if the mesh ratio is greater than one. To simulate the gearbox forward stroke one has to provide generally m instances of such contact objects.
Furthermore, clearly, if contact of teeth in the forward stroke vanishes then it is almost evident that contact of reversal arises. This latter arises between the teeth pair closest to contact lost before and being located through the tooth trough on the involutes of the teeth sides previously unused in the forward stroke mode.
To simulate the reversal one has to use line of action derived from the line of Figure 2 by mirroring it w. r. t. the axis connecting points O A and O B . All the mesh geometric properties considered for the forward stroke are mirrored for the case of reversal. In particular, coordinates s A and s B for this case have expressions
Note that what we have meant under "the forward stroke" or "reversal" is not a kinematical property whether to rotate clockwise or counterclockwise but it is a dynamical property switching into work/contact between driving/driven surfaces of teeth. Thus, we will see the forward stroke in cases of the pinion A clockwise accelerated and counterclockwise decelerated rotation. Similarly, reversal takes place in general if pinion A accelerates when rotating counterclockwise and decelerates simultaneously rotating clockwise. Simplifying formulations let us call the rotation with line of action shown in Figure 2 as the forward stroke. Likewise, the rotation with line of action mir- 
Case of multiple contact
Previously mesh ratio was supposed equal to one in the simplified model of the gear mesh [3] . This means that exactly at the moment of contact loss at the point b new contact at the point a arises. Such an arrangement leads frequently to a low reliability of a gearbox as well-known however in practice, mostly due to jamming caused by manufacturing errors. Due to this reason ensuring a reliable gearbox work one provides overlapping for time intervals of contacts in teeth pairs. Namely, new contact at the point a arises earlier than the current contact vanishes at the point b.
Let us return to the example being analysed in [3] where a virtual setup for computational experimenting was constructed, see Figure 6 and also Figure 1 We define in the model the following independent parameters:
• z A = 20 is number of the pinion teeth;
• z B = 30 is number of the gear teeth;
• r A = 0.2m is the pinion pitch circle radius.
Other (dependent) geometric parameters are computed as follows
• n = z B /z A is the transmission ratio;
• r B = nr A is the gear pitch circle radius;
• ∆γ A = 2π/z A , ∆γ B = 2π/z B are the pitch angles of the pinion and gear.
For further definition of the gear mesh choosing the pressure angle value is important. This value has to satisfy the condition α w > α w inf , where α w inf = inf α w is the lower bound for all possible pressure angles which are admissible by parameters selected above. One can compute this bound according to the formula
The lower bound obtained above is a simple consequence of the mesh natural condition
For definiteness let us choose the value
Furthermore, with the help of the pressure angle value and the value of the transmission ratio we can compute all the geometric parameters needed shown in Figure 2 . Firstly of all one can obtain radii of base circles as r αb = r α cos α w (α = A, B).
Then one can compute full length of the line of action in the following way
At the same time, the length of any segment of contact 
, and the initial position for the point b of contact finishing as
Let us take into account that the distance between the points a and O B is exactly equal to the addendum circle radius r Ba for the wheel B, and the initial distance from the point b to O A is equal to the addendum circle radius r Aa for the wheel A. Namely
To ensure overlapping of the mesh cycles for wheels with transmission ratio n = 3/2 let us consider the case with z A = 22 and z B = 33 providing the same transmission ratio. Note that the real angular widths ∆ϕ A = π/11 and ∆ϕ B = 2π/33 for teeth become less than their nominal, pitch, widths ∆γ A = π/10 and ∆γ B = 2π/30.
Simultaneous coexistence of two contacts in the model obtained requires, both in the forward stroke and in reversal, the use of four contact objects in the mesh computer model -two for the forward stroke plus two for reversal. Visual model of the experimental setup is represented in Figure 7 . Here Contactf1 and Contactf2 are objects for the forward stroke, and Contactb1 and Contactb2 are ones for reversal. Thus as a result models for the pinion, the left wheel object LeftWheel, and gear, the right wheel object RightWheel, each has four input ports for information about wrenches arising at patches of an elastic contacts. Object Platform simulates dynamics of the base body (absolute world), gearbox housing C (relative world), having a predefined motion, resting in our case. Thus two mentioned worlds coincide for the model of Figure 7 . these conditions are defined in the following way. Angular velocities of wheels are assumed to be zero. For definiteness we also suppose that the body A axis O A x A goes through the involute root point lying on the pinion base circle. This involute defines exactly the tooth surface, and initially it goes through the point a thus starting a contact. Likewise, the axis O B x B of the wheel B initially goes through the gear B involute root point.
At initial instant of time one pair of the wheels A and B teeth is supposed to have contact at the point a, see Figure2, with a zero depth of mutual penetration. For definiteness this contact is supposed to be in the forward stroke mode. One can easily conclude from Figure 2 that in initial position of teeth for angles of inclination ϕ A , ϕ B of radius vectors for the involute root points, lying on the base circles, the equations
where θ A , θ B are the point a polar angles on teeth involutes, hold. These angles are computed in the form
Thus wheels initial angles of inclination in the object Contactf1 are defined by formulae (2). Furthermore, for the mesh ratio being greater than one if one pair of teeth starts contact at the point a then another neighbour pair being ahead of the previous one will have a contact somewhere on the segment [a, b] . This latter contact is supposed to be defined in the object Contactf2. Initial values of auxiliary angles ϕ A , ϕ B defining the angles of involute rotation for the forward stroke (or reversal) and being respectively in segments [ϕ A min , ϕ A max ], [ϕ B min , ϕ B max ] are to be distanced from the angles of the object Contactf1 exactly by the tooth angular width (which is smaller than the angular pitch of the gear mesh under simulation). Namely, the following formulae (3) are to be satisfied.
An initial data selection for the objects Contactb1, Contactb2 servicing the reversal is not so evident. Indeed, involutive surfaces of the teeth pair being tracked by the object Contactb1 will be situated on the same teeth as the surfaces being tracked by the object Contactf2. The only difference is that they should be relocated on other sides of the teeth mentioned, see Figure 2 . So from geometrical point of view contact of reversal being tracked by the object Contactb1 on initial stage of motion should be located between the contacts of the forward stroke being tracked by the objects Contactf1 and Contactf2.
Note that for a particular tooth the radius vectors of the involute root points (lying on the base circles) of its two sides rotate w. r. t. each other exactly by an angular width of one tooth without accounting for the tooth trough. Note that all angular widths are to be counted along the arcs of the base circle. Denote these angular widths of teeth by t Awid , t Bwid . Then one can compute initial data in the object Contactb1 by the formulae
Let us remark here that really at the initial instant of the computational experiment the objects Contactb1, Contactb2 generate zero-valued wrenches of contact forces. All this is due to the contacts absence for reversal mode though objects Contactb1, Contactb2 always continue to track the points P A , P B inside each of them.
The object Contactb2 of the second contact for the reverse mode has the following initial data for the involute angles of inclination (rather angles of inclination of their root points radius vectors for the case m = 2)
In the latter equations we take into account the fact that for the case of the mesh multiplicity for the reversal mode there exist several possibilities, two in our example, of contact implementations along the line of action K A K B , see Figure 5 .
Ensuring the initial data selection from above in the objects of contact we thus automatically provide correct switching of modes of contact inside the objects and correct tracking for involutes contact switching in the process of wheels rotation. The built up mesh Session 2D: Mechanic Systems I
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September 3-5, 2012, Munich, Germany model provides a possibility to simulate motions of any type in the gearbox with any combination for contact between teeth. This model enables us able to construct effectively the gearboxes virtual prototypes of any complexity for the case of the spur involute gear.
Behavioral Model of Contact Object
Let us return to the gearbox visual model presented in Figure 7 . It has been built with the help of earlier proposed [5, 6] technologies for constructing the physically-oriented models. For each physically implemented contact of the model there exists one object of visual model, see Figure 7 . Meanwhile, from the functional viewpoint there is no difference how contacts of specific type, Nos. 1 and 2 for the forward stroke and Nos. 1 and 2 for reversal, are redistributed over an array of unified contact objects. Thus, the same class code is able "to play a role" of contact of any type within the spur involute gear model. In virtue of the circumstances outlined above organizing an array for all four contact objects in virtual model is reasonable. There should also be an array of four connectors reserved for transmitting data of wrenches from contact objects to objects of bodies, the wheels LeftWheel, RightWheel in Figure 7 . In this case corresponding wrench ports are to be really arrays of ports [7] in objects LeftWheel and RightWheel. Namely, in usual mode if ϕ α (t) ∈ [ϕ α min , ϕ α max ] then we assume that the value ϕ α (t) satisfies the differential equation
where the derivative is supposed to be expressed depending on state variables of the problem. When one of the events: ϕ α (t) < ϕ α min or ϕ α (t) > ϕ α max occurs then the initial condition of Cauchy problem is corrected immediately in the corresponding differential equation of the system (4) at the instant t = t * of the event according to the formula
The technique of event processing outlined above provides us with the correct model for simulating physical switching for teeth at contact for the gearbox model simulation.
Numerical experiments
To verify an improved model of the gearbox numerical experiments were performed similar to those of the work [3] . Graphs for the dynamical transmission error (DTE) and value of the normal elastic force at contact were under verification. For DTE the current model clarifies the time dependence tracking as it has been done in [9, 10] instants for increasing/decreasing of the contact multiplicity. One can observe splashes of the value under observation, DTE here, as it was observed also in [9, 10] at these moments, see graph of DTE in Figure 10 .
The DTE graph for the previous model from [3] is represented here by the blue curve (variable DTE1): the mesh multiplicity is equal to one, and then the teeth contacts overlapping is absent. The red curve (variable When exploring a behavior of the normal elastic force we can observe yet another interesting phenomenon. Usually following an engineering tradition one applies the so-called restricted formulation of dynamical problem with multiple contacts: for computing the normal elastic forces at each contact one simply divides the total elastic force by the number of contacts being currently in action, see for instance [9, 10] . In our current approach, on the contrary, we compute normal elastic force at each contact individually from dynamics and with the use of the Johnson contact model. So one may say that we have implemented soto-speak unrestricted problem for teeth contact of the spur involute gear. The normal contact force behavior along the mesh cycle is shown in Figure 11 .
In the Figure 11 one exhibits the time dependence for elastic forces being generated in two different contact objects of the model. One assumes in the case under analysis that the constant accelerating torque acts upon the pinion A, while the gear B is under the torque of viscous resistance which is proportional to the value of the wheel angular velocity. The graph presents us yet another interesting, though quite nat- ural, observation: an engineering approach which has been described above is indirectly verified by the exact dynamical model with an unrestricted contact model -values of normal elastic forces for contacts concurrently existing turned out to be almost identical. This observation takes place at least for the case of large contact stiffness corresponding to the steel our gearwheels are supposed to be made of.
Conclusions
Comparing results obtained in [3] with results of current work we can highlight the following properties:
1. The model is capable of simulating both the forward stroke and reversal of the gearbox taking into account a possibility of backlash between teeth.
2. The model is capable of simulating the involute mesh with multiple contacts.
3. The most effective, for the case of involute as tooth profile, contact tracking algorithm is implemented in the model. All this is due to differential or algebraic equations were excluded from the model, and only direct computations were in use.
4. To ensure an accuracy of the model of contact the most suitable implementation turned out to be an array of contact objects. Coordination of their behavior is provided by proper selection of initial conditions for the object variables.
